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8.3 SINGULAR POINTS 389

P(‘ :'] L Q(‘E) = l 27
X X

which shows that point x = 0 is a regular singularity. By inspection we see that
there are no other singular points in the finite range. As x — o (z - 0}, from Eq.
8.16 we have the coefficients '

228~ 2% 2 1 — n2?
——— and ———
z z

Since the latter expression diverges as z*, point x = o is an irregular or essential
singularity.

The ordinary differential equations of Section 8.2, plus two others, the hyper-
geometric and the confluent hypergeometric, have singular points, as shown in
Table 8.3.

TABLE 8.3
Regular Irregular
Equation singularity singularity
X xX=

1. Hypergeometric 0,1, o —
Mx—1" + (1 +a4+bx—cly+aby=0.

2. Legendre® -L1,© -
(- x¥*—2xy + I+ L)y=0.

3. Chebyshev -1,1, o —
(= x3 —xpy' +nty=0

4. Confluent hypergeometric 0 =)
xy L le—x)y —ay=0, )

5. Bessel 0 =
x%y" +xp + (22— n¥)y = 0.

6._Laguerre? ' 0 a
T+ {1 —xp' +ay=0 o

7. Simple harmonic oscitlator — co ;
Y 4+awty=0. -

8. Hermite — o0

¥y —2xy + 2ay =0,

@ The associated equations have the same singufar points.

It will be seen that the first three equations in the preceding 1abulation, hyper-
geometric, Legendre, and Chebyshev, all have three regular singuiar points. The
hypergeometric equation with regular singularities at 0, 1, and % is taken as the
standard, the canonical form. The solutions of the other two may then be expressed
in terms of its solutions, the hypergeometric functions. This is done in Chapter 13,

In a similar manner the confluent hypergeometric sguation is taken as th: canoni-
cal form of a linear second-order differential equation with one regular and one
irregular singular point.
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